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Abstract 


In this paper, we present the novel analytical expressions for the 
bounded-from-below or the vacuum stability conditions of scalar poten- 
tial for a general two-Higgs-doublet model by using the concepts of co- 
positivity and the gauge orbit spaces. More precisely, several sufficient 
conditions and necessary conditions are established for the vacuum sta- 
bility of the general 2HDM potential, respectively. We also give an equiv- 
alent condition of the vacuum stability of the general 2HDM potential in 
theory, and then, apply it to derive the analytical necessary conditions of 
the general 2HDM potential. Meanwhile, the semi-positive definiteness is 
proved for a class of 4th-order 2-dimensional complex tensor. 
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1 Introduction 


In 1973, the fist two-Higgs-doublet model (for short, 2HDM) is presented 
by Lee [1,2]. Subsequently, Weinberg [3] proposed a general multi-Higgs 
potential model. Since then, the stability of the scalar Higgs potential 
is an important problem with the Standard Model (for short, SM) at 
high-energies. The bounded-from-below (for short, BFB) or the vacuum 
stability of SM is very noticeable in particle physics community. One of 
the simplest extensions of the SM Higgs sector is the 2HDM [1,4]. It is 
well-known that the most general Higgs potential for a 2HDM with Higgs 
doublets ©; and ®2 can be written [5-8] 


Vg (1,05) —u11011 + u220505 — (u129105 + 159591) 
+ A1(®761)? + A2 (3.2)? 
+ As($11)($595) + A4($105)(0501) 
A V js (1) 
T $ iple F F (92b 
+ (BiP) (Ag hi 5 + 459501) 
+ ($595)(A701 5 + A731), 
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where ®* is Hermitian conjugate of $. The parameters pii, p22 and 
Ai (i = 1,2,3,4) are real, 12 and A; (i = 5,6, 7) are complex. 
The Higgs potential of such a 2HDM (1) may be said [7,9] 


2 2 
Viz (®1, ®2) = 5o Has Po + 5 Lk (9; ®;) (O71), (2) 
a,b=1 i,j,kl=1 

where, by definition, 

tijkl = tij, tiget = Uk; Hab = Hba- (3) 
The quartic part, 
2 

Va( (®1, ®2) = D tijki( (9j o; )(®;, 21), (4) 


i,j,k 1=1 
gives a 4th-order 2-dimensional complex tensor 7 = (tijxi): 
t1111 =A1, t2222 = A2, 


1 1 
11122 =t2211 = 3^» 11221 = t2112 = z A4, 


2 
1 1 
t1212 =5%5, t2121 = 3^» (5) 
1 
t1112 =t1211 = 3^6 tiiai = t2111 = 3^6; 
al 
t1222 —12212 = 3^n t2122 = t2221 = 3^r 


'The stability of the 2HDM potential requires that there is no direction 
in field space along which the potential tends to minus infinity, i.e., it 
is the BFB. In general, the quartic part of the scalar potential, V1, is 
non-negative for arbitrarily large values of the component fields, but the 
quadratic part of the scalar potential, V2, can take negative values for at 
least some values of the fields [7]. Considering only the quartic part Và, 
the condition for stability (the BFB) of the scalar potential in the 2HDM 
is equivalent to the co-positivity or semi-positive definiteness of the tensor 
T = (tij) given by the Higgs quartic coupling Xj, ie. V4(4,, 5) > 0. 
When As = A; = 0, the vacuum stability conditions of 2HDM potential 
(4, 10, 11, 13-15] are the following: 


120,42 > 0,A3 + 2VA1A2 > 0,43 + As — [As] +2VAiA2 > 0. 


In 2011, Battye et al [16] employed the method using Sylvester’s cri- 
terion and Lagrange multipliers for the general CP-violating 2HDM. In 
2016, Kannike [17-19] presented the vacuum stability conditions of the 
scalar potential of two Higgs doublets in the 2HDM with explicit CP 
conservation. Chauhan [20] derived analytical necessary and sufficient 
conditions for the vacuum stability of the left-right symmetric model, and 
gave the sufficient conditions for successful symmetry breaking. Recently, 
Song [21] showed the analytical sufficient and necessary conditions of the 
co-positivity of the tensor T = (tijx1) with the real nembers A; (i = 5,6, 7), 


and moreover, the vacuum stability conditions of scalar potential for the 
2HMD with explicit CP conservation was obtained. Bahl et.al. [22] gave 
the analytical sufficient conditions of the vacuum stability for the 2HMD 
potential with CP conservation and CP violation, respectively, where the 
vacuum stability condition for the 2HMD potential with CP violation de- 
pends on the Lagrange multiplier ¢. For more details about the BFB or the 
vacuum stability conditions of the 2HDM potential, see Refs. [11,12,23-26] 
for 2HDM with CP conservation; Refs. [8,24] for the most general 2HDM; 
Refs. [7,22,24] for 2HDM with CP conservation and CP violation; Ref. [27] 
for 2HDM handled numerically and others references that are no cited 
here. 

In this paper, we provide three new analytical sufficient conditions 
for the bounded-from-below or the vacuum stability of scalar potential 
for a general 2HDM by using the co-positivity of 4th-order 2-dimensional 
symmetric real tensor, which is different from the ones of Bahl et.al. [22]. 
For example, 


Ar =A2 = 1,3 1,4 = 1,5 1— 3i, Ag = Ay = —2i. 
Obviously, Revs = ReA; = 0,3 + 2VA1A2 = —1 +2 > 0, 
A3 + A4 — |ReAs| +2VA1à2 = -14+1-14+2>0, 
Imo : Im)z > 0, —|Im)5| + 2VIm Xo - ImA7 = —3 + 4 > 0. 


That is, these parameters meet the conditions (I) and (III) , which means 
V4(®1,®2) > 0. It is obvious that the conditions (IV') and (III) are 
fulfiled also. Here, the conditions (I), (III) and (IV’) will be derived in 
Section 3. However, they can’t satisfy the condition Eq. (5.20) of Bahl 
et.al. [22], i.e. 


3V Mido — (As + lAa] + [As]) = 3 — (—1 + 1 + 10) < 0, 
4] À2 


VAIA + Aa — (lAa + [As] + 4|Ae 


ài 
af At 
A sufficient and necessary condition of the vacuum stability of the general 
2HDM potential is given in theory, which contains the vacuum stability 
condition of the general 2HDM potential with Zo symmetry as a special 
case. Then, we apply this conclusion to derive the analytical necessary 
conditions of the vacuum stability of a general 2HDM scalar potential. 
Meanwhile, the analytical sufficient conditions and necessary conditions 
are obtained for the semi-positive definiteness of a class of 4th-order 2- 
dimensional complex tensor. 


)21-1- (1-- 104 8) « 0, 


Vua + As — (| + [As] +4 )=1-—1-—(1+v10+8) <0. 


2 Co-positivity criteria 


The co-positivity of a matrix M = (uij) has been applied to test the 
vacuum stability of the 2HDM in Refs. [17-20]. It is kown-well that a 


2 x 2 symmetric real matrix M = (uij) is co-positive, i.e., for all non- 
negative vectors x = (a1, 23)! € R?, the quadratic form 


x Mx = paci + 2,122122 + [12212 > 0, 
if and only if [28-30] 
Hı È 0,122 > 0 and pi2 + Vun > 0. (6) 


The co-positivity of a symmetric real tensor has been used to the SM in 
literature to obtain vacuum stability conditions in Refs. [17,21,31-34]. A 
4th-order n-dimensional symmetric real tensor T = (tijxi) is co-positive 
[35-40] if for all non-negative vectors x = (#1,%2,---an)' € R”, the 
quartic form 


n 
4 2 ! 
Tx = tijklLiLjEk TI > 0. 
i,j,k,l—1 


Let t1111 = oo > 0 and t2222 = as > 0. Recently, Song and Li [32] 
presented the analytical expressions of co-positivity of a 4th-order 2- 
dimensional symmetric 7. with the help of the update version ( [37]) of Ul- 
rich and Watson's result [41]. Let 7 = (tijki) be a 4th-order 2-dimensional 
symmetric real tensor with its entires 


1 1 1 
t1111 = Qo, t2222 = Q4, 01112 = gen fuz = 6 02 t1222 = 199 


Then the quartic form 
Tx* = aor + arene + aaziz2 + a3@103 + E 20 (7) 
for all xı > 0, z2 > 0 if and only if 


(1)A € 0, a1 Vas + aa / ao > 0; 

(2)oa 20,03 2 0,2 /ao04 + a2 > 0; 

(3)A > 0, [ai Vas — as /ao| < Ay/ avoas + 209044 /a904, 
(i) — 24/apo4 € az € 6 /aooa, 
(ti)a2 > 6,/aoaa 
01/04 + a3 yao > —4y/a0ar204 — 2apo44/ao04, 


where A = 4(12a0a4 — 30103 + o2)? — (12090204 + 9010203 — 203 — 
27ogad — 270104). 


Song and Qi [33, Theorem 3.7] gave a stronger sufficient condition for 


the co-positivity of a symmetric real tensor 7 = (tijxi). That is, Tx’ >0 
for all zı > 0,22 > 0 if 


b = a + 4¢/ aĝas > 0,7 = as + 44/a003 > 0, 


a2 — 6V aoa, + 24y By 2 0. 


(8) 


Song [21] obtained an analytical sufficient and necessary condition for 
the co-positivity of a symmetric real tensor 7(p,0) = (tijxi(p,9)) with 
two parameters p € [0,1] and 0 c [0,27], 


bui =A, t2222 = Ao, 
t1122 = (As + Aap? + Asp? cos 20), (9) 
t1112 =} Asp cos 0, ti222 = 5 Arp cos 0. 

That is, A1 > 0, A2 > 0, the quartic form 


T (p,0)x* —NA1z1 + Aax$ + (Aa + Aap? + Asp? cos 20)z222 


10 
+ 2(pAs cos Oriar + 2(pA7 cos 0)zi1a3 > 0, (o 


for all x1 > 0, z2 > 0 if and only if 
(a) A6 = A7 = 0, A3 + 2V Ai A2 > 0, As +A4— |As] + 2V A1AÀ» > 0; 
(b) A > 0, A3 +2V Ai Ae > 0, As + Ag — A5 + 2V A1 A2 > 0, 
|Asv/Àa — ArV Mil < 2 ArAa(As + Aa + As) + 22a Aa A Aa, 
(i) —2VAiA2 € Aa + A4 + As € 6V A1 42, 
(ii) A3 + Ag+ A5 > 6V Ai Ao and 


[Ae V A2 + Az M| < 2/ Ai As (A + Ag+ As) — 284 A2 V Ai A2, 


where A = 4(12A1A2 — 12A6 A7 + (Aa + Ag+ As)°)? = (72A1 A2(As +Ag+ 
As) + 36A6A7(Az3 t Ay As) 2(Aa - A44 As)? 1084:42 — 1084842)’. 


3 Vacuum stability of the general 2HDM 
potential 


3.1 Sufficient conditions 


In this section, we mainly give the vacuum stability conditions of the 
2HDM potential (1) with explicit CP violation. We rewrite the quartic 
part of such a 2HDM potential as follow 


2 
Va(®1, 02) = 5 tiii (DID) (PKD) 


i,j,k l1 

=A1(®} 1)? + A2(@362)" 

+ da(@7H1)(B}H2) + (PBP) — (i1) 
As * AS * 

I PC F F 39)" 

+ (IP) (Aspi ð2 + Ng P281) 

+ (B2B2)(A7 Deby + M20). 


Let d:=|®;| = fF 9;, the modulus of ®; for i = 1,2. Then 
$10, = ó19»pe'^ and 059, = pippe”, 
here i? = —1 and p € [0,1] is the orbit space parameter [10, 17,20]. Let 
As = [AsJe'*5, As = |Asle’”*, Av = [Arle 7, 
where yx is argument of the complex number Ax (k = 5,6, 7). Then 
dE = |Asle **5, Ag = [Asie “8, A7 = [Arle "€". 
So, we have 


Va(@1, B2) =Ar dt + A203 + Aaó103 + Asp" di $3 
Asl, i c 
Dsl ce (~5 +20) ie (5 +28) 42 42 p? 


+ [Ae (evo 9) 1 e i(eo phap 

+ |Az (eov 9) 4 ester pgp 

=MG] + A202 + A3162 +MP ida 

+ |As]@162p" cos(ys + 26) 

+ 2|de|Pid2p cos( yo + 0) 

+ 2|A7|163p cos(y7 + 0) 

=Nidt + A263 + Ash G3 + Mp^ dida 

+ |A5|67¢3p" (cos ps cos 20 — sin qs sin 20) 


+ 2|Ac |o ó2p(cos Ye cos 0 — sin qc sin 0) 


+ 2|\7|¢13(cos p7 cos 0 — sin yz sin 0). 


Obviously, ReAx = |Ax|cosqx,IlmAs = |Ax| singer, (k = 5,6,7). Then, 
noticing sin 20 = 2sin 0 cos0, we have 
Vi(91, B2) =ArGi + A202 + (A3 + Asp” + ReAsp? cos 20)0193 
+ 2(pReAs cos 0)¢3¢2 + 2(pReA; cos 0)¢3¢1 
— 2pó19»(ImAspQ1» sin 0 cos 0 (12) 
+ Im2Aeó sin 0 + ImAzó$ sin 0) 
=V; ($1, $2) + Va' (1, $2), 
where 
Vi(d1, 62) =Ardt + A203 + (Az + Aap” + ReAsp" cos 20)0105 
+ 2(pReA¢ cos 0) b3b2 + 2(pReA; cos 0)b3¢1, 
Vi ($1, $2) = — 2(psin @)[(p cos O)Im)s¢1¢2 
+ Imsi + ImAzó$]ó1 o. 


(13) 


Applying the co-positivity of a real tensor (9) with 
Ai =i (i= 1,2,3,4), Ap = ReAr (k = 5,6, 7) 


to obtain that Ai > 0, A2 > 0, 
Vi (1, 62) > 0 for all ¢1, $2 (14) 
if and only if 
(I) Revs = ReA; = 0,A3 + 2VA1A2 > 0, 


A3 + Aa — |ReAs5| +2VA1A2 > 0; 
(II) Res Z 0 or ReA7 £0,A > 0, 


Aa T 2VAM1A2 > 0, A3 + A4 — ReAs -2V 122 > 0 

|ReAe v A2 — Rev àil < 2/ A2 +A4+ Reds) + 2A1A2V AirA2, 
(i) —2VA1A2 € As + A4 + ReAs € 6VA1A2, 

(ii) A3 + A4 + ReAs > 6VA1A2 and 

[Res V A2 + ReAzV Ail < wT +++ Reds) — 2\1A2V Air2, 


where A = 4(12\1\2—12Re\5-ReA7+(A3 +1 -ReAs)?)? — (72A1 A2 (A3 + 
àa + Reds) + 36ReAg - ReAz(Aa +44 Reds) 2(A3 t+ A4 4 Reds)? — 
108A: (ReAz)? — 108(ReAe)?As)?. 


After making simple calculations (sin 0 4 0), we have 
Vi ($1, $2) 2 0 for all 1, ó2 (15) 
if and only if 


Im6¢7 + (pcos0)ImAsdid» + ImA7¢3 > 0, sind < 0, 
Im6¢7 + (pcos 0)Im)5¢1¢2 + ImA7¢3 < 0, sind > 0. 


By the co-positivity of a real matrix (6) with 


Hii = Ime, Hi2 = (p cos 0)ImAs, H22 = Im)7, 


Nl Re 


we obtain that 

Im6¢i + (pcos 0)ImA5¢1¢2 + Im\7¢3 > 0 for all $1, $2 
if and only if 

ImA¢ > 0,Im2; > 0, (pcos0)ImAs + 2V/ImAs-ImA > 0. 


Case 1: Im); > 0. 
The function g(pcos0) = (pcos @)ImAs5 + 2/ImAse - ImA; reaches its 
minimum at pcos = —1, so for all pcos@ € [—1, 1], we have 


(pcos 0)ImAs + 2VImA¢ - ImA; > 0 & —ImAs + 2VIm)¢ - ImA; > 0. 


Case 2: Im); < 0. 
The function g(pcos0) = (pcos @)ImAs5 + 2/ImAs - ImA; reaches its 
minimum at pcos @ = 1, so for all pcos@ € [—1, 1], we have 


(pcos0)ImAs + 2vImAs- ImA; > 0 & ImAs + 2VIm)¢ - ImA; > 0. 


Therefore, for any real number Im2As, we have 
(pcos 0)ImAs + 2V/ImAs : ImA; > 0 & —|ImAs| + 2/ImAs - ImA; > 0. 
Similarly, we also have 
Im\6¢i + (pcos @)ImA5¢1¢2 + ImAzó$ X 0 for all $i, d2 
if and only if 
—Im6¢7 — (pcos 0)ImA5¢1¢2 — ImA7¢5 > 0 for all ài, $2 


which is equivalent to the co-positivity of 2 x 2 matrix M = (jj) with its 
entries, 


Hai = —ImaAe,jqi2 = -$ (pcos 0)ImA5, u22 = —Im)z. 
This means that 
—Im)¢ > 0, -ImA; > 0, - (pcos0)ImAs + 2/ImAs-ImA; > 0, 
that is, 
ImAg¢ < 0,Im)7 < 0, —(pcos0)ImAs + 2/ImAs-ImA; > 0. 
Similarly, the function 
f(pcos0) = —(pcos0)ImAs + 2/ImAs - ImAz 


reaches its minimum at pcos = 1 (ImAs > 0) or —1 (ImAs < 0), and 
hence, for any real number ImAs, 


—(p cos 0)ImAs +2V/Im\6-Im\7 > 0 & —|Im)s5| +2V/Im Ag -Im)7 > 0. 
So, we get the conclusion that 
Vj (G1, 2) = 0 for all $1, ó2 
if and only if 
(III) Img -ImA; > 0, —|ImAs| + 2VImX¢ - ImA; > 0. 


In summary, we prove the analytic conditions (I), (II) and (III) assure 
the vacuum stability of the 2HDM potential with explicit CP violation. 
At the same time, we also obtain the semi-positive definiteness of a 4th- 
order 2-dimensional complex tensor T = (tijx1) definited by the Eq. (5). 


In term of Eq. (8), we also may obtain a stronger sufficient condition. 
That is, V1(®1, 5) > 0 for all ®1, 9» if for all p € [0,1] and all 0 € [0, 27], 


B(A) = 2p|Ac| cos(p6 + 0) + 44/ MA» > 0, 


(0) = 2p|Az| cos(y7 + 0) + 44/ A143 > 0, 
(As + Aap” + |As|p? cos(ps + 20)) — 6VALA2 + 2/B(0) - (8) > 0. 


It is obvious that the above inequality system comes true if 


B=2* A3A2 — |Ao| > 06, = 24, AAs — [As] > 0, 
(IV) As — 6V ra + 4/89 > 0, 
Aa + Aa — |As| — 6VA1A2 + 4y 8y 2 0. 


Similarly, V{(¢1, $2) > 0 for all $1, 2 if 


Bi = 21/ MAs — |ReAe| > 0,7/ = 24/ A143 — [ReA;| > 0, 
(IV’) As — 60a + 44/89’ > 0, 
Aa + A4 E |ReAs5| = 6v A1À2 + 4,/B'y' > 0. 


Remark 3.1. Four analytical sufficient conditions are following: 
(1) ReAg = Red; = 0, the conditions (I) and (ITI); 
(2) Reds 4 0 or Re^; 4 0, the conditions (II) and (III); 
(3) the conditions (IV) and (III); 
(4) the conditions (IV). 


'These analytical sufficient conditions are obtained from the real and 
imaginary parts of complex numbers, not only dependent of the norm. So 
they are different from the ones of Bahl et.al. [22]. For example, 


Ar =A2 = 1,A3 = 6, Aa = 2,55 1— i, às = Av = —1 — V3i. 
Obviously, |Ae| = |Az| = 2, 8 = y = 0, A3 — 6VA1A2 + 4y By = 0, 
Aa + Aa — |As| ^ 6VA1A2 +4,/By —2— V2 » 0. 


That is, these parameters meet the condition (IV), which means V4(®,, ®2) > 


0. It is obvious that the conditions (II), (IV^) and (III) are fulfiled also. 
However, they can't satisfy the condition Eq. (5.20) of Bahl et.al. [22], 
Le. 


3V Mido — (As + Du] + lAs) = 3- (6 +24 V2) < 


i 


V A12 + As — (lAa| + [As] 6 — (2+ V2 4- 8) <0, 


V À1À2 + As — (JA4] + [As] 


Also see the example in the introduce. 


3.2 Sufficient and necessary conditions 


In this subsection, V4(®1, $2) is rewritten as follows (A1 > 0,A2 > 0), 


Va(®1, 2) = Ap? + Bp + C = F(p), 
A =adids, B = boda, C = Ad + Aadà + Aadt 3, 
a = A4 — Reds + 2(Re2s cos 0 — ImAs sin 0) cos 0 
= M + |As| cos(ys + 20), 
b = 2(ReAci + Red7¢3) cos 0 — 2(ImAg 7 + ImA7¢5) sin 0 
= 2|Ac|ó1 cos(ye + 0) + 2|A7|¢2 cos(p7 + 0). 


The quadratic function f(p) is non-negative about a variable p € [0, 1] 
if and only if its minimum is non-negative in the interval [0,1], and so, 
its function value is non-negative at the boundary points p = 0,1 and the 
unique minimum point po = —& € [0, 1](A > 0). That is, 


= 0, 2 0, 1], 


\ 
T 


Figure 1: Graph-like of f(p) 
Proposition 1. V4(®1,®2) > 0 if and only if 


AAC— B?>0, -2A«€ B«0; 
C20; 
A+B4+C>0. 


It is obvious that if Ag = A7 = 0, then B = 0, the symmetry axis 
— = 0, and hence, Vs(®1, $5) > 0 if and only if 


C 20and A4 C 2 O0. 


10 


For the 2HDM with Z2 symmetry [12], the quartic part of the general 
2HDM scalar potential is 
Vi? (1, 2) =A (6191)? + Ao($563)* 
+ Às(9101)(9503) + A4 (6102)(0501) 
E X 
2 2 
Therefore, ye ($1, ®2) > 0 if and only if 


(17) 


($105)? + F (659). 


C = Aidt + A205 + Aspi oa > 0 
A+C = Aidt + Aad} + (As + A4 + |A5| cos(Ys + 20)) 9203 > 0. 


It is clear that C > 0 & As + 2V/A1A2 > 0, 
A+C 2062s + A4 + [As| cos(ios + 20) + 2/132 > 0, VO € [0, 27] 
A3 + da — |As| + 2VALA2 > 0. 
Corollary 2. V“? (4,05) > 0 if and only if A1 > 0, A» > 0, 
(V) As + 2/22 > 0, A3 + A4 — |As| + 2VAIA2 > 0. 


This condition (V) is well-known for the inert doublet model [4,10,11, 
18,27]. 


3.3 Necessary conditions 
In this subsection, V4(41, $2) is rewritten as follows (A1 > 0, A2 > 0), 
Va(®1,82) = f(p) = Ap? + Bp + C, 
f(1 =A+B+C 
=idi + A205 + (A3 + Aa — ReAs + 2ReAs cos? 0) 6763 
+ 2(ReAs cos 0)? G2 + 2(ReAz cos 0) $361 
— 2(sin 0)[(cos 6)ImA5¢1 $2 
+ ImAoói + ImA743] $142. 


(18) 


Obviously, we have 

f(p) =0, for all p € [0,1] > f(0) > 0, /(1) > 0. 
Then V4(®1, ®2) > 0 implies that f(0) = C > 0, which is equvalent to 
(VI) do +2V Mas 2:0. 


This is a necessary condition of the vacuum stability of the general 2HDM 
potential. Clearly, the other necessary condition is some conditions such 
that f(1) 2 A+B+C > 0. By Eq. (18), it is known that A+ B+C may 
be regarded as a quartic form with two parameters t = sin 0 and s = cos0 
with s?+t? = 1. So, when s = sin@ = 0 and t = cos0 = +1, the inequality 


A194 + A293 + (Az + Aa + RAs) 6763 + 2ReAcó1 de + 2ReAzQ301 > 0 


if and only if (using Eq.(7)) 


11 


(1) A € 0, RerspVA2 + RedAvVAi > 0; 

(2) Reds > 0, ReA; > 0, As + A4 + Reds + 2//0À > 0; 

(3) A>0, 

|ReAs V/A; — ReAc Ai] € 24/ Aio + A4 + Reds) 2o V/A 
(i) -2/A1A2 € As + A4 + Reds € 6VÀ1A2, 
(ii) A3 + A4 + Revs > 6VA1A2, 

Rers Via + Rer VAi > —2y/drr2(As + A + Reds) eee 

and 

(1°) A € 0, —Reàs As — ReAz V/A > 0; 

(2^) -ReAe > 0, - ReA; > 0, As + A4 + Reads + 2/122 > 0; 

(3) A20, 

| - ReAe Aa + ReAr Ai] € 2490s + Aa + Reds) + 2A1A2 Ads: 
(i) -2/A1A2 € Aa + A4 + ReAs < 6VA1A2, 
(ii^) As + A4 + ReAs > 6VÀ1A2, 


—Rer6VA2 — ReAz/A1 > -2J A008 +A4+ Reds) — 2A, A2 V A122. 
Which is equivalent to 


ReAs; = Re^; = 0, Aa + A4 + ReAs5 + 2V A1A2 > 0; 
Res Z 0 or Re^; Z0,A > 0, 


[Res v A2 — Rez và | < dy NiO +++ Reds) + 2AL2 V M1A2 
(a) — 2VA1A2 € A3 + A4 + Redrs € 6y A1A2, 
(b)Aa + A4+ ReAs > 6/ A1A2, 


|ReAe v A2 --ReA7;V A | < 2 iQ +A4+ Reds) — 212 V A1A2.- 


So, a necessary condition of V1(®1, ®2) > 0 is 


(VII) A3 + A4 + Reds + 2V Ai A2 > 0. 


Similarly, if t = cos 0 = 0 and s = sin 0 = +1, the inequality 
A194 + A293 + (A3 + Aa — RAs) 6763 + 2ImAcó1ó2 + 2AmA7G3¢1 > 0 


is equivalent to 


ImAs = Im^; = 0, A3 + A4 — Reds + 2V M22 > 0; 
ImAs £ 0 or ImA; 4 0, A’ > 0, 


|ImAs v A2 — ImAzv Ail < 2/ A2 +2r4- Reds) -F2A1A2V At A2 
(a’) — 2VA1A2 € A3 + A4 — Reds € 6y A1A2, 
(b)Aa + A4 — ReAs > 6/A1A2, 


|ImAs v A2 + ImAzv Ail < ANAA +à — Reds) — 2M1A2 V AMA2, 
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where A’ = 4(1221A2 — 12ImAo-Im2A;-- (A34-A4 — ReAs)?)? —(72A1A2(A3+ 
À4 — Reds) + 36Imas - ImA7(A3 + r4- Reds) — 2(A3 +4 — Reds)? — 
108A: (ImA;)?—108(ImAe)?A3)?. So, a necessary condition of Vi(61, $5) > 
0 is 
(VIII) As E A4 — Hel EX AA > 0. 
Applying the Corollary 3.1 of Song and Qi [33] to Va(®1, 2), 
Va(®1, P2) =Ardi + A203 + [As + Aap” + [As]? cos( es + 20)]ó103 
+ 2|re|Pigdapcos(pe + 0) + 2|Ar|d1620 cos( yr + 0), 
we obtain that V1(®1,®2) > 0 implies that for all p € [0,1] and all 0 € 
[0, 27], 
1 1 
0 <2 ( x 2|Ac|p cos(ps + 2 VrA2+ 2 (i x 2|Az|p cos(qz + o) VA 


4 (: x HU + dap? + [As|p? cos(ys + 26)) + x VM 
—|Ac| V Az cos(qe + 0) + |Av| V Asp cos(y7 + 0) 
+ 3 (^s + Aap” + [As|p? cos(ys + 20) + 2/XÀ) Vx 
—ReAc V Asp cos 0 + Red7VA2p cos 0 


1 
ES (^s + dap? + ReAsp? cos 20 + 2/XÀ) VET 


2 
— Ims V Aopsin 0 — ImAz v A1psin 0 — sims YMA sin 20, 


and then, p = 1 and 0 = 0 or m or 5 Or =, the above inequality must 
holds also. That is, 


Ost tReet 2X) XD £2 (ReX vs es ReXV/Xi) >0 
(As + ic Reet 2/XX) Ya T2 (Ims s + Imàr Xj) >0. 


or equivalently, 
(As + \utReds 2A) VA1Az 
- 2 [Res VÀ + Redrvi| > 0 
(Ag + \u-Reds 2X) V 
— 2 [ImAs Va + Ime] > 0. 
Clearly, the condition (VI) (strict inequality) is obtained if p — 0. 


In summary, the conditions (VI), (VII), (VIII) and (IX) are the nec- 
essary conditions of the vacuum stability of the general 2HDM potential. 
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Remark 3.2. The conditions (I) and (II) obviuosly meet (VI)-(VIII) 
(necessary). For (IV) and (IV’), 


B — 24/ MDa — |Ae| > 0,y = 24/3 — |A7| > 0, 


Aa -2VA1A2 = A3 — 6V A1A2 + m vU APA2)(2 é à1A3) 
Sok OVNA E AOT Seg 


i.e., As + 2VA1A2 > 0. So, the condition (VI) holds. Similarly, 


dat uA GVA + m S X3X Q9 4/4 A) 
> A3 + Aa — |As| — 6V A122 + 4y By = 0, 


As| + 2VA1A2 > 0. It follows from the inequalities —|As| < 


Reds < |A 


A3 + A4 + Reds + 2VA1A2 > Aa + Aa — [A5| + 2VA1A2 = 0, 
Aa + A4 — Reds + 2V A1A2 > Aa A4 [As] 2V M1A2 > 0. 


So, the conditions (VII) and (VIII) hold. Similarly, the condition (IV^) 
meets (VI)(VIII) also. The condition (IX) is necessary condition of 
“strict inequality", Va(®1, ®2) > 0. 


4 Conclusions 


By means of the co-positive conditions of a 4th-order symmetry tensor, 
several analytical sufficient conditions and necessary conditions are estab- 
lished for the vacuum stability of the general 2HDM potential, respec- 
tively. That is, 

(1 
(2 


I) and (III); 
II) and (III); 
(3) (IV’) and (III); 
(4) (IV). 
Four necessary conditions: (VI), (VII), (VIII) and (IX) . 


Four sufficient conditions: 


)( 
)( 
)( 
) ( 


A sufficient and necessary condition is qualitatively showed for the 
vacuum stability of the general 2HDM potential, and then, applying it to 
derive the analytical necessary conditions for the vacuum stability of the 
general 2HDM potential. The vacuum stability condition (V) of the Za 
symmetry 2HDM potential is a special case. 
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Figure 2: Analytical conditions and the vacuum stability 
of the general 2HDM potential (“—” stand for *imply") 
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